FUNCTORIALITY OF SHEAF CATEGORIES OVER WEINSTEIN
MANIFOLDS

WENYUAN LI

ABSTRACT. We consider the functoriality of microlocal sheaf category over Weinstein sec-
tors defined by Nadler-Shende. In particular, we strengthen Nadler-Shende’s invariance
result and show that the microlocal sheaf category is invariant under all Liouville homo-
topies.

1. RESuLTS

In the recent work [9], Nadler-Shende defined the microlocal sheaf category associated to
Weinstein sectors with Maslov data, where exact Lagrangian submanifolds arise as objects
in the category, without using arborealization. However, they have technical difficulties in
proving functoriality of the embedding functor (i.e. the gapped microlocal specialization
functor). Here we resolve this issue by slightly adapting the proof in our previous work
[6, Theorem 3.2].

Definition 1.1. Let Xy and X1 be Liouville sectors. Then a Liouville subsector embedding
is an embedding sending sectorial boundary to sectorial boundary, i.e. 0Xo C 0X1, such
that X1\ X0 is a sutured or sectorial Liouville cobordism from OscXo t0 0o X1.

We remark that our definition of Liouville subsector embeddings is different from embed-
dings of Liouville sectors in literature, which send contact boundaries to contact boundaries
[1]. For Liouville domains however, this agrees with the standard notion of Liouville em-
beddings of domains. See also [5, Section 2.6 & 2.12] for the discussion.

Theorem 1.1. Let X, X1, X2 be Weinstein sectors with Lagrangian skeleta c¢x,,cx,, cx,
equipped with Maslov data, such that ig1 : Xg — X1 and iz : X1 — Xo are Liouwville embed-
dings sending sectorial boundaries to sectorial boundaries. Denote by ®;; : ,uSthi(cXi) —
/J,Sthj (cx,) the embedding of microlocal sheaf categories. Then

‘1912 o ‘I)m ~ (1902 : :U’Shtxo (CXO) — MSh‘Xz (CX2).

Our strategy is as follows. ®¢2 is defined by using the Liouville low to compress cx, to
the ambient skeleton cx, directly, and ®12 o ®g; is defined by first compressing cx, to the
skeleton cx,, and next compressing cx, to the ambient skeleton c¢x,. We will try to define
a 2-parametric family of contact flow that interpolates between them. Then following the
construction, ®g; and ®15 o ®g; are two different compositions of nearby cycles, and the
theorem is reduced to commutativity of the nearby cycle functors.

Therefore, we need the commutativity criterion of nearby cycle functors in for example [8]
or [4,7]. In order to keep the proof self contained, we extract the main technical lemma as
follows, which is a base change formula that does not hold in general. Write the projection
maps

it N X [0, 1] X [0, 1] — [0, 1], (IE,tl,tQ) = t, (Z = 1,2)
1
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and m = m X gy : N x [0,1] x [0,1] — [0,1] x [0,1]. Write the inclusions

N x {0} x (0,1] —= N x [0,1] x (0,1]

i| ) E

N x {0} x [0,1] —L= N x [0,1] x [0, 1].

Recall that for a closed embedding i : N < M and a subset A C T*M, we define i (A) C
T*N to be the points (z,§) € T*N such that there exists (yn, Nn, Zn,0) € T*N x T*M and

Ty Yn = Ty U0 — &, [T — Ynl|nn| — 0.
Proposition 1.2. Let .7 € Sh(N x [0 1] x (0,1]) be a sheaf such that
(1) i*SS>®(F) N3 T>(0,1] =
(2) §5%(F) na=T*>((0,1] x (0, 1])
(3) S§(Z)NT**N x {(0,0)} is a subanalytzc Legendrian.

Then there is a natural isomorphism of sheaves
iG.F ~ a7

Remark 1.1. For the applications, F will always be the push forward of a sheaf Foy €
Sh(N x (0,1] x (0,1]), in which case Condition (1) can be easily checked. We choose to

state a more general result without assuming that.

Remark 1.2. We remark the importance of Condition (3). The following example is due
to an anonymous referee. Let N = R, S = {(x,t1,t2)|t1 = xta} C N x [0,1] x (0,1] and
F =kg. Then Condition (3) does not hold and one can check that the base change formula
does not hold.

We have a natural morphism 5_13*9 — j,i~L.Z by adjunction. Since the natural mor-
phism induces quasi-isomorphisms on stalks on N x 0 x (0, 1], it suffices to show that the
it also induces quasi-isomorphisms on stalks on N x {(0,0)}.

First we compute the stalks of 5_13*9 at (z,0,0). The following lemma is basically
[9, Corollary 4.4]. Let U, be a sufficiently small open ball around z € N, D (€) =

[(1),6) x [0,¢€), Do ) () = [0,€) x (6, €), and respectively Uy, D(g¢)(e) and ﬁ?o’o)(e) be their
closures.

Lemma 1.3. Let F € Sh(N x[0,1] x (0,1]) be a sheaf so that i SS>®(F)NwsT*>(0,1] =
@, SS®(F) N T*>((0,1] x (0,1]) = @, and SSX(F)NT**N x {(0,0)} is a subanalytic
Legendmcm. Then for x € N, U, C N a sufficiently small open neighbourhood and € > 0
sufficiently small,

j*g\(x,o,()) = F(Ux S E?O,O) (6)7 g)

Proof. Since SS®(%#)NT**°N x {(0,0)} is a subanalytic Legendrian, for any sufficiently
small neighbourhood U, of x € N, we have

SS>(F) OVU jEN x {(0,0)} =

by general position argument.

Consider N x (0,1] x [0,1]. Since SS®(F) N 7*T*>°((0,1] x (0,1]) = @, we can get
an injective projection to the relative singular support in the relative cotangent bundle
SS®(F) — S82(F) on N x (0,1] x (0,1]. Hence there is an injective projection

SS(F) NV by oyt (N X (0,1] X (0,1]) = SS(F) NN x Dyg ) (€)-
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Then consider N x{0}x (0, 1]. Since i#SS>®(F)Na3T*>(0,1] = @ and VU % {0} x Do (c) £ L(Nx
{0} x (0, 1]) only consists of covectors tangent to N x {0} x (0, 1], there is also an injection
S5 (F) N> L(Nx{0}x(0,1]) = i#*SS>(F)Nv};*S L(Nx{0}x(0,1])

U x{0}xDg(€),+ UIX{O}XDo(e)

where Dg(e) = [0,¢). Then by the assumption i#SS>(.F) N w3T*>(0,1] = @, we have an
injective projection

i*SS¥(F) NV oy wpo(ey.e Y X {0} % (0,1]) == i* S22 (F) N 2 N x {0} x Do(e).

Combining the two cases of N x (0,1] x [0,1] and N x {0} x (0, 1], we obtain an injective
projection

SS*(F)N (N % [0,1] x (0,1]) = SS(F) Nvg i N x Do o) (€)-

U X D(O 0) (6)

However, as € — 0 the limit points in the above relative singular support are contained in
SS>(F)N v "tN x{(0,0)} = @. Therefore, the set of the limit points in the intersection
of the relative smgular support and the conormal bundle is empty. Hence we can conclude
that for sufficiently small € > 0,

SS°(F) NS N x [0,1] x (0,1]) = @

Uy XDoo)(E) :t(

Consequently, by non-characteristic deformation lemma applied to the family U, X D g o (€)
and U, x D(0 0)( ¢) for sufficiently small € > 0 and 0 < ¢, we can conclude that

7+ Z200) = T (Us x Do y(e), 7. F) =~ T(Us x D 0)(€), 1. F)
~T(Uy X D g)(€), F) = T(Uy x Dig)(e),.F). O

Then we compute the stalks of j,i 1% at (z,0). Let U, be a sufficiently small open ball
around x € N, Do = [0,¢), D§ = (4, €), and respectively U, Do(e), ﬁg(e) be their closures.

Lemma 1.4. Let 4 € Sh(N x (0,1]) be a sheaf such that SS*°(¥4) N w*T*>(0,1] =
and SSX(Y)NT**°N x {0} is subanalytic Legendrian. Then for any x € N, U, C N a
sufficiently small open neighbourhood and € > 0 sufficiently small,

3+%0.0) = T(Uy x Dy (€),9).

Proof. Since SS(9)NT*>°N x {0} is a subanalytic Legendrian, for a small neighbourhood
U, of z € N, we have

S5 (4) N VU iN x {0} =
by general position argument. Since SS*(¥) N W*T*’OO(O, 1] = @, we have an injective
projection to the relative singular support in the relative cotangent bundle SS*°(¥) —
SS52°(%). Hence there is an injective projection

SS®(D) NV pyo.e (N X (0,1]) = SSZ (%) N> N x Do(e).

as € — 0 the limit points in the above relative singular support are contained in SS°(¢)N
v N x 0 = @. Hence we can conclude that when € > 0 is sufficiently small, the in-

tersection between relative singular support and Vikjfoi]\f x Dg(€) is empty. Therefore, by

non-characteristic deformation lemma applied to the family U, x Dy(e) and U, x Dg(€), we
have

35%50) = T (Uz x Do(e), j+4) ~ T (U x Do(€), j:¥)
~ (U, x D§(€),9) ~T'(U, x Dyle),9). 0
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Remark 1.3. The above lemmas will also follow from the weak constructibility of F (8,
Section 2|. For the applications, we believe that in fact both conditions hold.

Proof of Proposition 1.2. We apply Lemma 1.3 to .% and apply Lemma 1.4 to i~1.%, and
note that SS®(i~1.%) C i# S$S>(.F). Then it suffices to show that

I'(U, x Dy g)(€), F) = T(Us x Dyle), F).

Since SSX(F)NT**°N x {(0,0)} is a subanalytic Legendrian, for a small neighbourhood
U, of x € N, we have

SSx>(F) NP N x {(0,0)} = &
by general position argument. Write D, 0)(6,6) = [0,€') x (d,¢) for 0 < ¢ < €. Since

SS®(F) N T*>((0,1] x (0,1]) = &, we know that there is an injective projection onto
the relative singular support

SS(P) NV s, eV X (0.1 % (0.1]) = SS(F) N7 N x D (e ).

However, as €, — 0, the limit points of the relative singular support are contained in
SS-(Z)N v “tN x {(0,0)} = @. Therefore, the set of the limit points in the intersection
of the relative smgular support and the conormal bundle is empty. Hence we can conclude
that when €, €’ > 0 are sufficiently small,

SSP) NV s, ey sV X (0.1 x (0.1) = 2

By non-characteristic deformation lemma applied to the family D(0 0)( €'}, we can conclude
that

(U, x 5?070)(6),35) ~ (U, % ﬁg(e,e'),a@) ~ (U, x ﬁg(e),ﬁ).
This completes the proof. O

Remark 1.4. When applying non-characteristic deformation lemma, one should notice
that O(U, x EZ)O 0)(€)) is piecewise smooth. Therefore, we need to use the condition that
SS®(F) N *T*>°((0,1] x (0,1]) = & rather than only considering the intersection with

w1 T*°(0,1] and 73T7%°°(0,1]. For the same reason, we need the estimate on SSX(.F) N
TN x {(0,0)} rather than estimates on SSX(F) and SS(F)NT*>*N x {(0,0)}. The
author is grateful to an anonymous referee for pointing out the mistake in the proposition.

We can start the proof of the theorem. Let A; be the Liouville form, Z; the Liouville
vector field, and ¢7. the Liouville flow on the Weinstein sector X;. Consider the lifting of
the flow o7 in T™ %N that satisfies

doZ, [dz = t0/0t + Zy,
on X; X R. Then we know that
thEl QOZZl(CXo) C txy, hIP SOZZQ(CXO)7 11111 SDZZQ(CXI) C CXy-

Write gi)Z = go 7 ¢ Now consider the 2-parameter family of contact Hamiltonian qbc =
gf) oy, ¢. Then QSC $ = 90227 ¢ L — ¢, - In particular, the limits satisfy

¢n : C(_y— 1 Z o (_
lim ¢5"(=) = lim ¢3,(-) = lim_ 7, (),

lim 657 (=) = 0%, (Jim 6%, () = 65, Jim_¢%, ().

Write A = {(¢,n)[0 <n < (<1}, A= {((,n)|0<n<¢<1}and Ag = A\{(0,0)}.
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FiGURE 1. The diagram of maps in the proof of Theorem 1.1.

Proof of Theorem 1.1. Consider the 2-parameter family of contact flows (25%77 ((¢,m) € A).
By Theorem A.2 Remark A.2, for & € pShey, (cx,), we can get a sheaf

VENT) € pShicy,), ((cx0)7)

where (CXO)ZI is the Legendrian movie of ¢x U Ag X R U Eo U El under the contact flow

(b%” (in Definition A.1). Applying the antimicrolocalization theorem [9, Theorem 6.28], we
write \II%"(Q Jabl € Sh(N x A) for the image of \I/%"(ﬁ ) under the antimicrolocalization
functor.

From Figure 1 one can notice that ®po and ®15 0 $¢; are (compositions of) nearby cycles
along different boundary edges of A. Therefore it suffices to show that the nearby cycle
functors commute and they agree with the 2-parametric nearby cycle functor. In order
to apply Lemma 1.2 in our argument, note that firstly SSOO(\IJCZH(?)) NT*THCA = g
since the singular support is the Legendrian movie under a contact flow, and secondly

SSgO(\IJCZﬁ(f)) NT*>°([0,1] x {0}) is subanalytic Legendrian by the fact that

3 C,ﬂ
n}go ¢35 (exy) C Xy,

lim 67 (ex0) € 0% (ex1):

where the right hand sides are subanalytic Legendrian. Therefore, in all following cases
Lemma 1.2 will apply.

(1) Firstly, we consider ®g2 (#) (Figure 1 left). Note that ¢7 compresses cx, to cxs,.
Write i5 : Nx(0,1] < N xA, (z,() — (2,(,(),j: Nx(0,1] — Nx[0,1] andi: N x{0} —
N x [0,1]. Then since gb%c = ng%,

D) (y)dbl = i_lj*\IJCZQ (g)dbl =» i_lj* (igl‘l’%n(ﬁ))dbl-

Write i5 : N x [0,1] = N x A, (2,¢) = (2,(,¢),j : NxA = NxAandi:Nx{(0,0)}
N x A. By Lemma 1.2 and Remark A.3, we know that in fact

~ pp— 74_17. ~ 7._17.
o2 (F)apy — i s J*\I/%n(tga)dbl — 1 J*‘I’%n(y)dbl-

(2) Secondly, we consider ®15(.#) (Figure 1 right). Note that ¢% compresses cx, to cx; .
Therefore,

D01 (F)apt = i GV (F)dbr.
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Write ig : N x (0,1] = N x A, (z,n) — (x,1,n). Since gb%" = ¢}, we know that
O (F)apt — i VY (F)an = i G (ig WS (F)) g
Write 7, : N x A < N x Ag where Ag = A\{(0,0)}, and ig : N x [0,1] = N x A, (x,7n) —
(z,1,n). By Lemma 1.2 and Remark A.3, we know that in fact
~ o— 7.717.
o1 (F)avt = i~ Vig Jo VS (F )l
Then we consider ®130®0;(-#) (Figure 1 right). Write i : N x (0,1] — N x Ag, (z,¢)
(,¢,0) where Ag = A\{(0,0)}. Let ¢% be the contact flow on T*>°(N x [0,1]) defined
by the pull back vector field 7*Z, for m : Ag = (0,1] x [0,1] — (0, 1], and qb% = <p17n<. Let
\Il% : Sh(N x {1} x[0,1]) — Sh(N x Ap) be the Hamiltonian isotopy functor as in Theorem
A.1. Thus by Lemma 1.2
~ pp— 7._17.
(\IICZ2 o <I>01(ﬁ))dbl — \IICZ2 (z 120 ]0,*‘1’%77(9)&01)
~ P 7.717. ~ —1
— lq}%st (ZO Jo,*‘l’%n(g)dbl) — 1]0,*\1’%77(?)%1-
Therefore, by Lemma 1.2 again, we can show that
®13 0 Doy (F)apt —> i G (W, 0 Po1)(F)) gy = i dwiy G0 US(F)an
~ —1=—1= - ~ T—].*.
=i 31,*]0,*W%n(9)db1 —1 ]*\I’%n(y)dbl-

Therefore, we can conclude that ®p (F) > P19 0 o1 (7).

(3). On the level of morphisms, the base change formulas provide natural transformations
between the morphism spaces, and the gapped full faithfulness theorem for nearby cycles
[9, Theorem 4.1] shows that the natural transformations are quasi-isomorphisms, and hence
completes the proof. O

As a corollary, we can immediately get the invariance of the microlocal sheaf category
under any Liouville homotopies.

Corollary 1.5. Let X, X' be Weinstein domains with Lagrangian skeleta ¢x,cx:. Suppose
the Liouville forms X\, X' are homotopic through Liouville forms. Then

pShey (ex) =2 pShey, (cx7).

Proof. We view X, X’ as Weinstein domains with contact boundary. By choosing a suffi-
ciently small Weinstein neighbourhood (with contact boundary) of ¢y, we get a Liouville
embedding X’ — X, and thus a functor

q)X’,X . ,U,Sth,(CX/) >~ ,uSth(Cx).

Then by choosing a sufficiently small Weinstein neighbourhood (with contact boundary) of
cx, we also get a Liouville embedding X < X', and thus a functor

(I)X,X’ : MSth(Cx) — /LSth,(CX/).

Then the theorem implies that ®x x/ o ®x/ x = id and ®x/ x o ®x x+ = id. Hence they
define inverse equivalences of categories. (|

Remark 1.5. Oleg Lazarev has pointed out to the author that [5, Proposition 2.42] has
shown that for any Liouville homotopy between two different Weinstein structures on X,
there is a Weinstein structure on the Liouville movie X x T*[0,1] which agrees with the
two Weinstein structures on the two ends. With this proposition, one can show that the
argument in [9, Theorem 9.14] implies the above corollary as well. However, to the author’s
knowledge, when there is only a Liouville embedding of Weinstein manifolds Xy — X1, it
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is not true that X1\ Xy carries a Weinstein structure, and hence for Liouville embeddings,
it still seems necessary to use our main result.

APPENDIX A. REVIEW OF HAMILTONIAN INVARIANCE OF SHEAVES

We review the equivalence functors coming from a Hamiltonian isotopy, constructed for
sheaves Sh(M) by Guillermou-Kashiwara-Schapira [2], and for microsheaves puSha(A) by
Kashiwara-Schapira [3, Section 7.2]. Throughout the section, we will adapt the definition
of microsheaves in [9, Section 5].

Definition A.1. Let H :T*M xI — R be a homogeneous Hamiltonian on T* M, and H
H |7*.00ps the correspondmg contact Hamiltonian on T**°M. For a conical Lagrangian A
the Lagrangian movie ofA under the Hamiltonian isotopy goﬁ (sel) is

Kf.\[ = {(xagv 870-)|(x’£) = Spsfl(lb?&))v o= _ﬁs © @%(x07§0)7 (m07§0) € K}
For a Legendrian A, the Legendrian movie of A under the corresponding contact Hamilton-
ian isotopy is Ag = Ag N'T*>°M.
Theorem A.1 (Guillermou-Kashiwara-Schapira [2, Proposition 3.12]). Let Hy : T**°M x
I — R be a contact Hamiltonian on T*°M and A a Legendrian in T**°M. Then there
are equivalences

Sha(M) <— Shp, (M xI) — Sh@}I(A)(M)a

given by restriction functors ial and ifl where ig : M x {s} < M x I is the inclusion. We
denote their inverses by \I!(}I and \I'}I, and Vg = 1'1_1 o \IJ%.

Remark A.1 ([2, Remark 3.9]). This theorem also works for a U-parametric family of
Hamiltonian isotopies on TH°M x U — T**°M for a contractible manifold U.

For the category of microlocal sheaves uSha(A), Kashiwara-Schapira [3, Section 7.2]
showed that it is invariant under contact transformations, which are just (local) contacto-
morphisms. Nadler-Shende explained how this will imply the invariance of ©Sha(A) under
Hamiltonian isotopies.

Theorem A.2 (Kashiwara-Schapira [3, Theorem 7.2.1], Nadler-Shende [9, Lemma 5.6]).
Let Hy : T%*°M x I — R be a contact Hamiltonian on T*°M and A a Legendrian in
T*°M. Then there are equivalences

uSha(A) <= uShy, (Ag) = uShw}{(A)(go}q(A))

given by restriction functors iy’ and i7" where ig : T*°M x {s} — T*°(M x I) is the
inclusion. We denote their inverses by \II%I and ‘I/}{, and Vg = il_l o \If‘}q.

Proof. For any open subset @ C T*°°M, consider the contact movie Qp s C T**(M x I)
in the time interval Iy = (s — €, s +€). Then i; ! induces equivalences of categories

ShAHUQC (M X I e) —> Sh (AUQC)(M)a Shﬂ(ﬁ,s,e(M X Is,s) l) Sh@%(gc)(M)
Since Sh(M x Is,e) = Sh(M X 1) /Shp«(vx,.. (M xI), we get an equivalence of presheaves
g} pSh (i se) = pShEs ) (97(Q),

where the left hand side is the pull back of a presheaf, since Qg s¢ (¢ > 0) form a neigh-
bourhood basis of ¢f,(€2). Therefore, after sheafification, we can get an equivalence given

by the pull back
b S (9ir(A) > nShys () (95 (A)).
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Then, since uShY " (U s.e) = pShY (Qu s ), we also know that uShY" forms a presheaf
that is locally constant in the I direction (along contact movies of points). Since I is
contractible, we can conclude that there is an equivalence given by the restriction

pwShay (M) 3$/b9h¢;@u(¢%(A>)
This completes the proof of the theorem. O

Remark A.2. One can show that the theorem also works for a U-parametric family of
Hamiltonian isotopies for a contractible manifold U, following Remark A.1. The author
would like to thank anonymous referee for pointing out the mistake in the theorem.

Remark A.3. From our proof, one may notice that there is a commutative diagram

1

Shay (M x I) —=— Shs (2)(M)

L]

1iShay, (Afr) —— 1Shys () (03 (A)).
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